. We show that the volume entropy of the Hilbert metric on a closed convex projective surface tends to zero as the corresponding Pick differential tends to infinity. The proof is based on the fact, due to Benoist and Hulin, that the Hilbert metric and the Blaschke metric are comparable.
I
Let Σ be a closed surface of genus at least 2. It is a theorem of F. Labourie and J. Loftin [Lof01, Lab07] that the moduli space P(Σ) of convex projective structures on Σ naturally identifies with the moduli space C(Σ) of pairs (J , b), where J is a conformal structure on Σ and b is a holomorphic cubic differential on the Riemann surface (Σ, J ). The space C(Σ) is a holomorphic vector bundle of rank 5(g − 1) over the Teichmüller space T (Σ).
Taking the volume entropy of the Hilbert metric (see Section 2 below for the definitions) for each element of P(Σ) yields a function Ent : P(Σ) → R ≥0 .
The Hilbert metric for a point in the Teichmüller space T (Σ) ⊂ C(Σ) ∼ = P(Σ) is just the hyperbolic metric representing that point. Its entropy is always 1. On the other hand, M. Crampon proved in [Cra09] that Ent is strictly less than 1 outside T (Σ). Motivated by a question of Crampon, we constructed in [Nie11] certain paths in P(Σ) along which Ent tends to 0 (the construction works for dimensions 3 and 4 as well, here we only look at dimension 2 though). Using different techniques, T. Zhang constructed in [Zha13] some submanifolds of P(Σ) with the same property. In view of these constructions, one naturally guess that Ent tends to 0 along any sequence going away from T (Σ). The purpose of this note is to prove such a statement. Namely, The proof is surprisingly short comparing to [Nie11] and [Zha13] , thanks to a result of Y. Benoist and D. Hulin which links the Hilbert metric and the Blaschke metric.
The above theorem is a simplest manifestation of the general philosophy that a degenerating convex projective surface looks bigger and bigger and more and more flat. See [Lof07, Par12] for more circumstantial statements confirming this philosophy.
T
We first briefly review the backgrounds.
Let Σ denote the universal cover of Σ and let Γ = π 1 (Σ) be the fundamental group. Fix a base point x 0 ∈ Σ. The volume entropy of a metric g on Σ can be defined as
where the symbol "#" means taking the cardinal of a set, Γ.x 0 is the Γ-orbit of x 0 and B g (x 0 , R) ⊂ Σ is the ball of radius R centered at x 0 with respect to the distance on Σ induced by the lift of g. In what follows, g is either a Riemannian metric, a Finsler metric or a flat metric with conic singularity. Crucial properties of the entropy used below are as follows.
• Ent(tg) = t −1 Ent(g) for any t > 0.
• Given metrics g 1 and g 2 , if their induced distances d 1 and d 2 on Σ are quasiisometric in the sense that
for some constants a > 1 and
As a consequence of the second property, we have 0 < Ent(g) < +∞ whenever g is a geodesic metric. This follows from the Švarc-Milnor Lemma, which implies that the distance on Σ induced by a geodesic metric g is isometric to the hyperbolic plane.
A convex projective structure on Σ gives rise to the following objects on Σ (see Proof of Theorem. Proposition 3.4 in [BH13] implies that there is universal constant c > 1 such that the Hilbert metric g H and the Blaschke metric g B of any convex projective structure on Σ satisfy
for any tangent vector v of Σ. Here v g B and v g H denotes the norm of v with respect to g B and g H , respectively. As a consequence, we have
Given a convex projective structure with Blaschke metric g B and Pick differential b, we consider the flat metric with conic singularity |b| (the equivalence follows from Wang's equation (2.1)). Therefore we have
). In view of (2.2) and (2.3), in order to prove the theorem, it is sufficient to show that Ent(2 The last term tends to 0 as b tends to +∞, as required.
To conclude, we give some comments on the case where Σ is a punctured surface of finite type, i.e. Σ is obtained from a closed oriented surface by removing finitely many punctures. As a generalization of the Labourie-Loftin identification P(Σ) ∼ = C(Σ), Benoist and Hulin [BH13] identified the space of convex projective structures with finite Hilbert volume with the space of those pairs (J , b) where J is a punctured Riemann surface structure and b is a holomorphic cubic differential with at most second order pole at each puncture. We gave in [Nie15] a further generalization.
It is likely that the above theorem holds in these more general settings as well. However, the above proof might not work. Indeed, at a pole of order ≤ 2 , the metric |b| 2 3 is incomplete and its pullback to the universal cover is not quasi-isometric to the hyperbolic plane, hence whether |b| 2 3 has finite entropy remains a problem. A seemly more natural approach in this situation is to use the asymptotic result on g B provided by Loftin [Lof07] (although Lofin also assumed Σ to be closed, his results easily adapt to the settings of [BH13] and [Nie15] ).
